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Abstract
We consider selected topics of relativistic superfluidity within gauge/string duality. Non-
relativistically, the only conservation law relevant to the hydrodynamic approximation is the
energy-momentum conservation. Relativistically, one has to introduce an extra conserved
U(1) current and an extra three-dimensional scalar field which is condensed. Finding out
a proper U(1) symmetry becomes a crucial point. We emphasize that in dual models there
do arise extra U(1) symmetries associated with wrapping of the strings around (extra) com-
pact directions in Euclidean space-time. Moreover, if the geometry associated with an extra
compact dimension is cigar-like then the corresponding U(1) symmetry could well be spon-
taneously broken. The emerging Goldstone particle survives in the hydrodynamic limit. A
specific point is that the chemical potential conjugated with the corresponding U(1) charge is
vanishing. Within the standard approach the vanishing chemical potential implies no super-
fluidity. We argue that an exotic liquid, introduced recently in the literature, with vanishing
energy density and non-vanishing pressure represents a viable description of the liquid asso-
ciated with 3d Goldstone particles in Euclidean space-time. Since it lives on the stretched
membrane, it describes energy-momentum transport in the deep infrared. We discuss briefly
possible applications to the quark-gluon plasma.
1
1 Introduction
The discovery of the quark-gluon plasma at RHIC 1 made a profound impact on theoretical
developments. From a theoretical point of view, the most important observation is that the
plasma appears to be a relativistic quantum liquid. This conclusion follows primarily from
the low numerical value 2 of the ratio of the shear viscosity η to the entropy density s, close
to the conjectured lowest bound [2]
η
s
≥ 1
4π
, (1)
which is a kind of uncertainty principle for hydrodynamics.
This discovery boosted applications of holographic models to condensed-matter systems,
and further unification of methods of elementary-particles and condensed-matter physics,
for review see [4]. There exist not many models of quantum liquids, and superfluidity is a
natural first candidate. And indeed, the hydrodynamics of relativistic superfluidity has been
elaborated recently in much more detail than during preceding decades. Recent analyses of
superfluidity within holographic approaches can be found, in particular, in [5].
There are various theoretical signatures of superfluidity. For our purposes, the most
relevant one is the appearance of a pole in the static correlator of densities of momentum.
In more detail, consider the correlator
G0j,0iR (k) ≡ i
∫
d4xe−ikxθ(t)〈|T 0j(x), T 0i(0)|〉 , (2)
where T 0i (i = 1, 2, 3) are components of the energy momentum tensor. Furthermore, con-
centrate on the case of zero frequency, k0 = 0, and space momentum tending to zero, k→ 0.
Then there is a pole contribution to the G0j,0iR (k) (for a recent relativistic derivation and
references see [6]):
lim
ki→0
G0j,0iR (ki, k0 = 0) =
kikj
k2
ρsµ , (3)
where ρs is the density of the superfluid component and µ is the chemical potential.
Note an important difference in description of superfluidity in the relativistic and non-
relativistic cases. In the non-relativistic case the introduction of the chemical potential µ
does not imply existence of a conserved Noether current. Indeed, non-relativistically the
number of particles is conserved simply because there are no annihilation graphs. As a
result, the chemical potential µ can be introduced for neutral particles. Relativistically, one
does introduce a Noether current Jµ and assumes [7] that there exists a 3d complex field Φ
condensed in the vacuum,
< Φ > 6= 0 . (4)
1For details, discussions and references see, e.g. reviews [1].
2For a recent analysis of the data see [3].
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Then the phase φ of the field Φ becomes a 3d Goldstone field manifested in Eq (3).
One of our central points is that stringy models of QCD or Yang-Mills theories do have
extra U(1) symmetries which are not obvious at all in terms of the field theoretic formulation
of these theories [8]. Such symmetries apply then in the infrared limit of the Yang-Mills
theories. These effective U(1) symmetries arise if there exist compact coordinates, and
the corresponding quantum number is the winding number of a string around a compact
dimension, see, e.g., [9]. The existence of at least one such compact dimension is guaranteed
at non-zero temperature. We have in mind the Euclidean time τ . As is well known, τ ∼
τ + 1/T . The corresponding winding number is a topological quantum number in stringy
models. Near the temperature 1/βH of the Hagedorn phase transition the stringy modes
with the winding number nw = ±1 become massless [10, 11]. At temperatures 1/β close to
1/βH these modes represent a complex scalar field Φtherm, called thermal scalar, with the
mass
m2therm ≈
βH(βH − β)
2π2(α′)2
. (5)
Moreover, at temperatures above 1/βH the thermal scalar could well condense
< Φtherm > 6= 0, (6)
as speculated in a number of papers, see in particular [11, 12, 13, 14]. Then the phase φtherm
of the field Φtherm would become a 3d massless field, apparently inducing superfluidity [8].
Namely, the static correlator (3) can be calculated directly in the Euclidean space-time and
exhibits a pole term [8].
Here we come to a problem, however. Indeed, it is very natural, if not imperative, to
assume that the Yang-Mills plasma is neutral with respect to the quantum number associated
with the winding around the compact Euclidean time τ . In other words,
µτ−winding = 0. (7)
Then, according to (3) the coefficient in front of the pole term should vanish. On the other
hand, direct calculation of the static correlator in the Euclidean time τ gives a non-vanishing
result since
|∂τφtherm| = 2πT ,
where T is the temperature.
Thus, one is encouraged to look for alternative models in the Minkowskian time which
would avoid proportionality of the coefficient in front of the pole term to µ, see (3). Remark-
ably enough, such an alternative seems to be provided by the exotic liquid introduced in
Ref. [15]. In the equilibrium the energy density for such a liquid is vanishing while pressure
is non-vanishing. In other words, the components of the energy-momentum tensor in the
equilibrium are given by:
< T00 > = 0, < T0i >= 0, < Tij > = pδij . (8)
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Moreover, as we will argue, the static correlator introduced above does have a pole term:
lim
ki→0
∫
dτ exp (−ikixi) < T 0i(x, τ), T 0j(0) > ∼ (const)kikj
k2
, (9)
with a nonvanishing (const).
The liquid considered possesses features similar to a superfluid. First , the correlator (9)
does exhibit a pole, as in the superfluid case. Also, the ratio η/s for this liquid is calculated
holographically in [15] and equals the conjectured lowest bound η/s = 1/4π.
The price for avoiding proportionality of the pole term to the chemical potential µ (com-
pare (3)) is that the effective lagrangian introduced in [15] is highly non-linear. It is worth
emphasizing that the introduction of the liquid (8) in Ref. [15] is not at all motivated by
considering superfluidity. Instead, the authors pursue duality between (or, better to say,
mapping of) the solutions of the Einstein equation in (d + 1) dimensions and solutions of
non-relativistic Navier-Stokes equations in d dimensions, for more details see [16].
The outline of the paper is as follows. In Sect. 2 we review the standard, two-component
picture of superfluidity, emphasizing the points which we are going to modify later. In
Sect. 3 we discuss light scalars which arise within holographic models of Yang-Mills theories.
In Sect. 4 we argue that the liquid introduced in Ref. [15] might describe a superfluid
component in case of vanishing chemical potential.
2 Standard two-component hydrodynamics
2.1 Set of equations
A superfluid is usually defined as a liquid in which a Bose condensate is formed. Therefore,
the superfluidity is commonly described within a two-component picture with two densities,
ρn, ρs corresponding to the normal liquid and the condensate. The basic new feature, com-
pared to the ordinary liquid is existence of a new light degree of freedom. In the original
non-relativistic set up this degree of freedom is the slowly varying phase of the wave function
of N identical particles (with momentum p=0):
Ψ(r,t) =
√
N exp(−iφ(r, t)) . (10)
The time dependence of the phase φ is fixed as ∂tφ = µ (Josephson equation, valid in the
system at rest with respect to the normal component). The Josephson equation follows from
the (non-relativistic) canonical commutation relation
[ρs(x), φ(y)] = iδ(x− y) (11)
and the fact that the Hamiltonian of the system depends on µ through the common relation
H = H0 − µN . In particular, the pure state
Ψ(r,t) =
√
N exp(−iP · r) exp(iµt) (12)
4
describes a superfluid component flowing with momentum P with respect to the normal
component (which is at rest).
To rewrite hydrodynamics in a relativistically invariant way, one introduces the four-
vector velocity of an element of the liquid (its normal component) uµ so that, for example,
the Josephson equation becomes uµ∂µφ = µ. From the perspective of the present paper,
the most important change is that relativistically the number of particles is not conserved
any longer and the chemical potential now enters the Hamiltonian through H = H0 − µQ
where Q is a novel, conserved charge associated with a Noether current Jν .
A fully relativistic version of superfluid hydrodynamics was elaborated first in Refs
[17, 18]. Later it was noticed [7] that contribution of the φ field to the U(1) conserved
current Jν and the energy-momentum tensor T νσ can be kept the same as for ordinary
massless (3d Goldstone) field. In this form, the contributions of the condensate component
to the energy-momentum tensor T νσ and the current Jν look similar to the standard field
theoretic expressions. Adding the contribution of the normal component and neglecting first
dissipation one gets [6]:
T νσ = (ǫ+ P )uνuσ + P ηνσ +
ρs
µ
∂νφ∂σφ (13)
Jν = ρnu
ν +
ρs
µ
∂νφ
uµ∂µφ+ µ = 0
dP = sdT + ρndµ− ρs
2µ
(∂µφ)
2 ,
where we included also a thermodynamic relation which contains a new term proportional
to 1
2
(∂µφ)
2. This is a reflection of the independence of the 4-velocities of the normal and
superfluid components. Furthermore, ρs, ρn are the condensate and normal densities, respec-
tively, T is the temperature, P is the pressure, s is the entropy density, µ is the chemical
potential, ǫ is defined as the Legendre transform of the pressure with respect to the tem-
perature and chemical potential, ǫ = −P + Ts + ρnµ. Eqs (13) are borrowed from Ref
[6] where the reader can find further details. Generalizations to include dissipation can be
found in Refs. [2, 5]. Note also that there exist various forms of the basic equations of the
relativistic two-component hydrodynamics, see, e.g., [2]. To get convinced that a relativistic
scheme describes superfluidity one evaluates the spectrum of excitations, like sound waves,
second sound, see [6] and references therein. The equations (13) quoted above do lead to the
spectrum characteristic for superfluidity. Another check is that entropy flow is associated
only with the normal component. In the ideal-liquid approximation (13) one gets indeed
∂µ(su
µ) = 0 . (14)
There is no entropy associated with the condensate component, as it should be since the
condensate component corresponds to a pure quantum state (12).
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2.2 Comments on the ratio η/s
Note that for the condensate component both the viscosity η and entropy density s vanish
so that the ratio η/s is not defined. In the holographic models of the superfluidity the bound
(1) refers in fact to the normal component, for a recent analysis see [5]. If one sticks to the
description of the superfluid component exclusively in terms of the pure state (12) then the
ratio η/s remains undefined. Physics-wise, one can appreciate the situation in the following
way. Imagine that one is monitoring superfluidity by measuring properties of the liquid. Then
any measuring procedure would introduce decoherence and, as a result, produce a normal
component, with a non-vanishing entropy. In this way one would resolve the uncertainty
in the value of the ratio η/s in case of superfluidity. The textbook-presentation of the
superfluid component with η, s ≡ 0 corresponds to another limiting procedure: there are
no measurements on the superfluid liquid and the superfluid current persists for any long
time. The use of a holographic description in terms of black holes corresponds to the former
definition.
We are not aware of any explicit demonstration of the relation between measuring pro-
cedure and induced η/s ratio. However, the paper in Ref. [19] provides a relevant example
of similar phenomena. Very briefly, one considers a two-level system in terms of the density
matrix,
ρ =
1
2
(I +P · σ) ,
where σ are the Pauli matrices and P is the polarization vector. There are measurements
performed on the two-level system. As a result,
P˙ = V ×P−DPtr
where the vector V describes evolution of the system in absence of measurements, the label
“tr” means transverse to the z axis, an D stands for damping or decoherence. If D 6= 0 a
pure initial state develops into a mixed state, with corresponding increase in the entropy.
On the other hand, D is proportional to the variance of current fluctuations induced in the
measuring device,
D ∼ [j¯2 − j¯2] ,
where the coefficient of proportionality is related to the parameters of the device. Fluctua-
tions, in turn are related to dissipation through the fluctuation-dissipation theorem, and we
refer the reader for all details to the original paper [19].
2.3 Static pole
As is mentioned in the Introduction, in case of superfluidity certain static correlators re-
veal the presence of a 3d Goldstone particle. Consider first the static correlator of space
6
components of the current J i (see Eqs (13)). It involves two structure functions:
Gi,jR (k0 = 0,k) ≡
kikj
k2
G
J ||
R (k) +
(
δij − k
ikj
k2
)
GJ⊥R (k) . (15)
The low energy theorems for (15) are very similar to the famous case of the correlator of two
electromagnetic currents in case of superconductivity:
lim
k→0
GJ⊥R (k) = − ρs/µ, lim
k→0
G
J ||
R (k) = 0 , (16)
where ρs is the density of the superfluid component, see above. One readily derives (16) by
noting that in the static case the field φ
√
ρs/µ is normalized in the standard way, and has a
1/k2 propagator in the momentum space.
The massless 3d exchange is also manifested in the static correlator of densities of the
total momentum, see (2). Moreover, this correlator is a kind of more fundamental since in
the non-relativistic limit superfluidity can exist even if there is no independent conserved
current Jµ so that Jµ is proportional to T 0µ. In more detail,
G0i0jR (k0 = 0,k) =
kikj
k2
G
T ||
R (k) +
(
δij − k
ikj
k2
)
GT⊥R (k) . (17)
The low energy theorems, with inclusion [6] of relativistic corrections, now read:
lim
k→0
GT⊥R (k) = − (sT + µρn) , lim
k→0
G
T ||
R (k = − (sT + µ(ρn + ρs)) , (18)
which also can be rewritten as (3).
For our purposes, it is crucial that the pole term (3) vanishes in the limit of vanishing
chemical potential µ = 0.
The static long-range interaction is manifested both in the non-relativistic and relativistic
set up. Within the context of the present paper it is important, however, that the mechanism
of generating a 3d Goldstone particle is very different in these two cases. Non-relativistically,
the existence of the pure state (12) is in no way related to a spontaneous breaking of any
symmetry. Instead, it is rather due to initial conditions which assume the existence of N
identical bosons 3.
3As is well known, in case of superfluidity matrix elements of the annihilation and production operators
a±0 of the particles with p=0 are the same in the leading N approximation, < a
+
0 >≈< a−0 >. Sometimes
this is taken as a signal of a spontaneous symmetry breaking. However, the similarity is only formal since
in case of superfluidity the number of particles is rigorously conserved and the approximate equality of
the matrix elements of a±0 is possible because fixing the chemical potential fixes the number of particles
only on average. The 1/N corrections to this approximate equality are explicitly taken into account by the
Bogolyubov transformation. The point was recently emphasized in [20].
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2.4 Extra scalar field
In the relativistic case, one does introduce a complex scalar field and assumes a non-vanishing
vacuum expectation value (4). There is no need for such a field in the non-relativistic limit.
True, Eqs (13) do have a smooth match to the non-relativistic case, with chemical potential
µ becoming essentially the mass of a particle and equation ∂µJ
µ = 0 becoming identical to
the equation ∂µT
0µ = 0. However, the field contents of the non-relativistic and relativistic
versions of the theories do not match each other.
Since this point is crucial in the context of our paper let us quote the recently found
holographic model of superfluidity [21, 5]. It starts with a five-dimensional space:
ds2 =
L2
u2
(
− f(u)du2 + dx2 + dy2 + dz2 + du
2
f(u)
)
, (19)
where f(u) = 1 − (u/uh)4 and our 4d world corresponds to the boundary u → 0. The bulk
action Sbulk apart from gravity contains a complex scalar Ψ and gauge field Fab:
Sbulk =
∫
d5x
√−g
[ 1
2π2
(R+
12
L2
)− 1
4e2
F abFab −m2|Ψ|2−B|Ψ|4− (1 +A|Ψ|2)|∂Ψ− iAΨ|2
]
,
(20)
where A,B are constants. The chemical potential is related to the boundary value of the At
component of the vector potential and the scalar condensate is determined by the boundary
value of Ψ. For a certain range of parameters (essentially, for µ/T > 2) there exists a 3d
scalar-field condensate. Note that the Lorentz invariance is violated from the very beginning
by choosing a finite temperature.
The introduction of an extra scalar field in the bulk allows to construct holographic
models of superfluidity. To apply this construction to specific systems, say the quark-gluon
plasma, it is crucial to elaborate on the nature of the extra U(1) symmetry.
3 Stringy U(1) symmetries
3.1 Thermal scalar
As is discussed in the preceding section, a prerequisite to having relativistic superfluidity is
spontaneous breaking of a U(1) symmetry. At first sight, this condition severely limits ap-
plications of superfluidity to realistic cases, say, to QCD. However, things change drastically
in stringy models. Then, if there exists a compact coordinate, the winding number becomes
an Abelian charge (see, e.g., [9]). Moreover, in the Euclidean signature existence of such a
compact coordinate is granted, since the Euclidean time τ is periodic at finite temperature,
τ ∼ τ + 1/T .
The possibility of spontaneous breaking of the corresponding U(1) symmetry has been
discussed intensely in the literature, see, e.g., [11, 22, 23] and references therein. Historically,
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implications of the thermal U(1) symmetry were discussed first in critical, d = 26 dimensions
and the lightest stringy mode with non-trivial wrapping number is called the thermal scalar
[10, 11]. Thus, we first review briefly the issue of the thermal scalar. The original set up
for the thermal scalar does not seem nowadays to be a realistic framework to describe Yang-
Mills theories. However, as we will argue later some basic features of the thermal scalar
survive in more realistic frameworks. What is even more amusing, there are good reasons
to at least discuss seriously the possibility of a spontaneous breaking of the corresponding
U(1) symmetry, see, e.g., [11, 22, 23] and references therein.
In more detail, it was realized [10, 11] that at the Hagedorn temperature a complex scalar
field Φthrerm, the so called thermal scalar, becomes massless, see Eq. (5). The Euclidean-time
dependence of this field is fixed as
Φtherm(τ,x) = exp(i2πτT )φtherm(x) , (21)
where φtherm(x) is a 3d complex scalar field. The free energy for the thermal scalar is given
by
F = − β lnZ = − β
∫ ∞
0
dL
L(lsL)d/2
exp(−m2thermLls) , (22)
where L is the length of a closed trajectory, d is the number of non-compact, spatial di-
mensions, ls is the string scale. Moreover, the free energy (22) coincides with the partition
function for a single static string with tension 1/2πα
′
and winding around Euclidean time
once.
Equation (22) is nothing else but the random-walk representation of the free energy for a
complex scalar field with a fixed size of the walking step, ls. If we had a fundamental scalar,
then a representation similar to (22) would be valid for any length of the step (or “lattice
spacing”). This fixation of the length of the step is the first indication that we are dealing
with an effective scalar degree of freedom. For strings related to QCD, ls ∼ (ΛQCD)−1. Thus,
we are discussing in fact an infrared phenomenon, or strong-coupling dynamics. It is in this
regime that one might hope that dual, or stringy models apply.
So far we considered strings in flat space. More relevant to the modern dual models
are extra dimensions with non-trivial geometry. The results concerning the thermal scalar
do generalize from the flat to curved spaces, for a concise presentation see [22]. In the
background metric ds2 = Gττdτ
2 + Gijdx
idxj , and in the presence of a static dilaton Φ the
effective action is
Sφ = β
∫
ddx
√
Ge−2Φ
(
Gij∂iφ
∗∂jφ+
G00β
2 − β2H
4π2α′2
φ∗φ
)
(23)
where φ is a complex field depending on d spatial coordinates. The action (23) allows to
evaluate various spatial correlators at large distances within full string theory at temperature
close (and below) the Hagedorn temperature TH . In other words, at T/
√
G00 ≈ TH string
contributions are dominated by a single, light degree of freedom.
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It is worth emphasizing that there exist two dual interpretations of the thermal scalar.
One way to visualize it is that (5) refers to the mass of the mode once wrapped around the
compact, Euclidean time direction. Another way is to demonstrate that partition function of
a long string reduces to a random-walk representation of a partition function associated with
a single light scalar degree of freedom. It is sometimes said, therefore, that the thermal scalar
is unphysical. The observation that long-distance correlators in string theory are calculable
as an exchange of the thermal scalars emphasizes that the thermal scalar can be treated in
the infrared as an ordinary field.
3.2 Yang-Mills theories
It is worth emphasizing that dominance of the thermal scalar was demonstrated at T < TH .
At T > TH and within the original set up of papers in Ref. [10] there are no massless scalars
left. Moreover, we are interested in the deconfinement phase transition occurring at T = Tc
and TH = Tc only at critical dimensions, d = 26 for the bosonic strings, see [10]. Thus, our
actual theoretical framework is modern dual models for Yang-Mills theories (at large Nc). It
turns out, however, that the thermal-scalar related phenomena are generic and might well
persist at temperatures T > Tc.
To substantiate this point, let us remind the reader of the dual model [24] for large-Nc
Yang-Mills theories which seems most viable. The metric at zero temperature reads as
ds2 = (
u
R
)3/2(−dt2 + δijdxidxj + f(u)dx24) (24)
+(
u
R
)−3/2
( du2
f(u)
+ u2dΩ2
4
)
(25)
where
f(u) = 1− u
3
Λ
u3
, x4 ∼ x4 + β4, β4 = (4π
3
)(
R3
uΛ
)
and the four-dimensional YM coupling is given by gYM = 2(2π)
2gsls/β4 and the ’t Hooft
coupling is defined as λ ≡ g2YMNc.
The topology of the space considered is R3,1 × D × S4. In particular, the physical
size of the circle goes to zero smoothly as u approaches the horizon uΛ from below. The
background gives confinement in the dual gauge theory, as can be seen by computing the
quark-antiquark potential in terms of the action of a string with endpoints on the boundary
at u→ ∞. Confinement is also manifest from the non-contractibility of the Polyakov loop
in the Euclidean finite temperature backgrounds at T < Tc.
At large temperatures and in the Euclidean time τ the metric is given by
ds2 = (
u
R
)3/2(f(u)dτ 2 + δijdx
idxj + dx2
4
) (26)
10
+(
u
R
)−3/2
( du2
f(u)
+ u2dΩ2
4
)
,
where f(u) is the same as above with replacement of uΛ by temperature horizon uT . Note
that now (at large T ) the cigar type geometry is in the coordinates (u, τ) while the radius
of the compact x4-coordinate does not depend on u.
3.3 Light states
The main lesson from the holographic models (24) and (26) is that in both cases there are
cigar-type geometries. This, in turn implies that there exist light states which, generally
speaking, should be taken into account in the low-energy dynamics. Usually, contribution of
the winding modes is disregarded in the infrared limit. Indeed, by construction the model
(24) applies only at distances r ≫ β4 and, naively, one can neglect the winding modes.
However, the cigar-shape geometry makes this argumentation doubtful. The equation (5)
for the mass of the thermal scalar illustrates the point well. Thus, a holographic cigar-shape
geometry might indicate light states. In this section, we will review briefly whether this
expectation is supported by phenomenology.
In this context, it is worth emphasizing that, apart from the mass of a winding mode, the
tension associated with non-perturbative defects, D-branes, can also vanish at the horizon.
Generically, for the probability Wdefect to observe lower-dimension defects, or D-branes one
has:
Wdefect ∼ exp(−Sdefect) , Sdefect ∼ Nc , (27)
and this probability vanishes in the Nc →∞ limit. However, in the models considered some
radii of extra dimensions are vanishing, see (24), (26). Then, in the classical approximation
there are defects whose action is vanishing on the horizon:
Sdefect(u ∼ uh) ∼ Nc · 0 .
Thus, generally speaking, such defects should be added ’by hand’ to the standard set of light
states. In fact, at temperatures close and higher than the temperature of the deconfinement
phase transition Tc some defects of this type have been already discussed in the literature
quite in detail, see in particular [25, 26, 27].
Instantons represent the simplest and best known example of such a “defect”. It is well
known that at T > Tc instantons are suppressed exponentially in the large Nc limit. On
the other hand, instantons are infrared unstable and not suppressed at zero temperature.
The holographic models above do reproduce these facts in a simple geometric language,
in terms of the cigar-type geometry [25]. It is less known that there are further vacuum
defects, in particular percolating D2 branes. Percolation is interpreted as vanishing of the
corresponding tension [26, 27]. Moreover, the continuum-theory predictions based on the
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geometries (24) and (26) fit well the lattice data. All in all, one can say that there exists a
compelling evidence that the non-perturbative physics becomes three-dimensional at T ≥ Tc
[28]. This is a direct reflection of the cigar-type geometry in the (τ, u) coordinates, see
(26). At zero temperature a generic consequence of the geometry (24) is that defects with
non-trivial θ-dependence have action vanishing in the infrared.
In this paper, we concentrate on hypothetical light particles associated with strings
wrapped around the compact directions present in metrics (24) and (26). At T > Tc it
is the Euclidean time and at T < Tc it is the x4 coordinate. Unlike the case of magnetic
D-branes, phenomenology does not either produce any decisive evidence in favor of light
winding modes or rules them out.
Two further remarks are in order. First, from the naive geometrical point of view states
associated with any non-zero winding number around the time direction become massless at
the horizon. We assume, however, that the cigar-shape geometry is just another language
for a vanishing scalar mass. In other words, we have to discuss only a single light state,
not a whole tower of such states. Similar views were presented earlier in somewhat different
language [13]. Second, it was speculated in [14] that the effective mass of the thermal scalar
depends on the value of u and a negative mass squared (or condensation) at u ∼ uT cannot
be detected in “our world” which corresponds to the ultraviolet limit u→∞. To our mind,
condensation at the horizon, u ∼ uH fixes generically the mass scale of the condensate in
our world, say, < Φ >2∼ Λ2QCD, and does not necessarily imply vanishing of the condensate.
This is a standard viewpoint in the confining models. On the other hand, it is true that
there is no firm theoretical control over the physics in the infrared and one cannot rule out
more exotic possibilities 4.
Winding modes emerge in terms of strings. We are unaware of an explicit expression for
such modes in terms of the dual gauge theory. There is another, somewhat similar defect,
the Polyakov line l(x), which is, to the contrary, formulated in terms of the 4d gauge field
and refers to the integral over Euclidean time:
l(x) ≡ 1
Nc
TrL(x) ; L(x) ≡ P exp
(
ig
∫
1/T
0
A0(x, τ)dτ
)
. (28)
It was speculated that this defect becomes light at T > Tc already in the original paper
by Polyakov and nowadays there are many models that utilize this idea, see, e.g. [29] and
references therein.
The path of integration in (28) is wrapped around Euclidean time and l(x) can be con-
sidered as an effective 3d field. Thus, there are similarities to the thermal scalar. Moreover,
if we consider a Polyakov line as an isolated defect then it clearly has a 3d translational zero
mode which is a 3d massless field ϕP . However, because of the trace in Eq (28) the field
4Moreover, there is an example [31] from the lattice measurements when the condensate is of order
v2 ∼ Λ3QCDa where a is the lattice spacing and indeed vanishes in the continuum limit a→ 0.
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ϕP (x) is a real field, unlike the thermal scalar which is complex. Moreover, if one assumes
that the Polyakov line becomes dynamical and is condensed at T > Tc then
< ϕP > 6= 0 ,
and there is no massless state left in the spectrum (while condensation of a complex thermal
scalar implies a massless Goldstone particle). In fact, there exist models for Yang-Mills
medium build along these lines, see [30] and references therein.
In conclusion of this section we would like to add a point which escaped discussion
altogether, as far as we know. At T = 0 the cigar-shape geometry in the (u, x4) coordinates
might well imply the existence of a 4d massless Goldstone particle. Indeed, strings wrapped
once over the compact x4 direction would correspond to a complex 4d field Φθ(xµ), with the
topological charge Qtop = ±1. Condensation of such a field
< Φθ > 6= 0 ,
would imply existence of a 4d Goldstone particle coupled to the topological charge. As usual,
the Goldstone particle would couple to the states with non-vanishing U(1) charges. In the
approximation considered, the thermal winding string modes are heavy and non dynamical.
However, the Goldstone field could couple also to external fields carrying topological charge:
L(φθ) = 1/2(∂µφθ)
2 + fθ∂µφθKµ + ... (29)
where Kµ is the topological Chern-Simons current and fθ is a constant, fθ ∼ ΛQCD. In other
words the Goldstone particle would play the role of an axion. Detailed consideration of such
a possibility goes beyond the scope of the present paper.
3.4 Reservations
The basic observation which we are exploiting is that the models (24), (26) possess extra
U(1) symmetries in the ultraviolet in terms of the winding states. Because of the cigar-
type geometry, however, these states can be unwound in the infrared. Generically, this
implies spontaneous symmetry breaking of the corresponding U(1) symmetry and, then, the
emerging Goldstone particle is a new light degree of freedom surviving in the infrared.
Clearly, there are many reservations to this conclusion. First, the geometries are derived
in the Nc → ∞ limit and for realistic Nc the would be ”Goldstone particles” could be
massive (although with rather small masses). Second, the models (24), (26) do not actually
describe Yang-Mills theories in the ultraviolet. Thus, the Goldstone particle might also be
an artefact of the model. Third, it was argued [14] that condensation of the thermal scalar in
the infrared might not be manifested in any kind of measurable effect in our world. Thus, we
proceed to phenomenological manifestations of the hypothetical light states. In the future,
the phenomenology could decide, whether such states exist.
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4 Superfluidity with ρs = 0 ?
4.1 Two signatures of superfluidity
It is crucial for the present paper that there exist two different signatures of superfluidity.
The first one is derivable from the set of equations (13). Reiterating the basic points: there
is a medium with density of a conserved charge q(x) (
∫
q(x)d3x = Q). The total charge is
shared by two components so that in the limit of low relative velocity of both components
q(x) = ρn(x) + ρs(x)
where the relative distribution of the total charge carried by ρn, ρs depends on the temper-
ature. However, it is only the normal component with 4-velocity uµ which carries entropy,
∂µ(su
µ) = 0, and this is superfluidity.
The other signature is the appearance of a pole in the static correlator (3). In the
non-relativistic set up the two signatures are manifestations of the same mechanism, that
is formation of a condensate, (see Eq. (12)). Also relativistically, within the standard
framework outlined in Sect. 2, both signatures are manifestations of the same mechanism.
Indeed, the same superfluid density ρs which carries no entropy according to (14) controls
also the strength of the pole term according to (3),
rpole = µρs , (30)
where rpole is the residue of the pole and µ is the chemical potential conjugated to the charge
Q. Note that for a real scalar field φ
T0i ∼ ∂0φ∂iφ ,
and to evaluate rpole we treat the time derivative, ∂0φ = µ as a c-number while ∂iφ is treated
as an operator.
We will argue now that the stringy models considered above might represent a challenge
to this wisdom.
4.2 The problem to be solved
As an example, consider again the U(1) symmetry associated with the winding around the
Euclidean time direction. The wave function of the thermal scalar is given by (21). Assume
now that the 3d complex field φtherm develops a non-vanishing vacuum expectation value,
< φtherm > = v 6= 0 ,
and evaluate the correlator of the momentum densities. The (Euclidean) time derivative is
treated again as non-fluctuating, |∂τΦtherm| = 2πTv, where T is temperature and v is the
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3d vacuum expectation value. The spatial derivative of the thermal scalar is treated as an
operator, ∂iΦtherm = iv∂iφtherm, where φthermal is a 3d massless field.
As a result, there arises a pole term in the Euclidean static correlator of the momentum
densities with the pole residue equal to:
rpole = − T (2πT )2v2 (31)
The central point is that the value of the residue is not proportional to any chemical poten-
tial. On the other hand, the analytic continuation of a static correlator from Euclidean to
Minkowski space seems to be trivial (apart from an overall minus sign). And we seemingly
come to contradiction with (30).
Moreover, it seems most natural to consider the case of a vanishing chemical potential
associated with the winding U(1) symmetry, µτ−winding = 0. If there is no chemical poten-
tial then we expect vanishing density of charge anyhow. Concentrating on the superfluid
component, we thus expect:
ρs = 0 , (32)
which again is in variance with the standard description.
To summarize, in case of spontaneous breaking of a Euclidean U(1) symmetry there exists
3d Goldstone particle manifested as a pole in the correlator of the T0i components of the
energy-momentum tensor. From this point of view, we expect superfluidity. On the other
hand, the density of the condensate, ρs is expected to vanish. Based on the latter observation
we would conclude that there is no superfluidity. As we will argue now, the resolution of the
paradox is that in the relativistic cases the two signatures of the superfluidity can in fact be
separated.
4.3 An exotic liquid
Recently a new kind of holographic fluid was introduced in Ref. [15]. As we will argue,
this fluid actually satisfies the conditions specified in the preceding subsection: namely, it
exhibits the pole (31) and has vanishing density.
First, let us quote the basic results of Ref. [15] relevant to our problem. Consider the
following non-linear Lagrangian for a real scalar field ϕ 5:
S = T
∫
d4x
√−γ
√
−(∂ϕ)2 , (33)
where γ is the determinant of the metric tensor γab , a, b = 0, 1, 2, 3 defined as
γabdx
adxb = − rcdτ 2 + dxidxi , (34)
5The dimensionful const T is put to unity in what follows.
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where the speed of light,
√
rc is arbitrary. The action (33) describes an ideal liquid with
4-velocity
ua = ∂aϕ/
√
X ,X ≡ − (∂ϕ)2 , uaua = −1 .
We will also need the stress tensor:
Tab =
√
Xγab +
1√
X
∂aϕ∂bϕ . (35)
Finally, the equilibrium corresponds to the solution
ϕequilibrium = τ , (36)
which breaks Lorentz invariance and defines the rest frame. Note that in this subsection we
stick to the notations of the Ref. [15] where further details can be found.
4.4 Similarities to superfluidity
Let us now map the properties of the exotic liquid introduced in [15] to the properties of the
liquid we are looking for.
Imagine that we would try to continue directly the solution (21) from Euclidean to
Minkowski space. The solution (21) oscillates in the Euclidean time and, naively, in Minkowski
space would have either growing or dissipating solution which cannot correspond to equilib-
rium. Thus, instead of the naive continuation we would look for a solution in the Minkowski
space which would reproduce the static correlator, see Eqs. (3), (31). As we emphasized a
few times, the time derivative of the scalar field entering the components T0i of the energy-
momentum tensor is treated classically. Therefore we would look for the solution ϕ ∼ τ in
the Minkowski space as well. Therefore the ansatz (36) fits very well our scheme (although
introduced in Ref. [15] for absolutely different reasons).
Next, the use of the square root
√
−(∂ϕ)2 in the action (33) might look exotic. But this is
exactly what is needed to ensure (32). Indeed, the equilibrium form of the energy-momentum
tensor (35) is diagonal: (
Tab
)
equilibrium
= (0, p, p, p) , (37)
where the pressure p is given by
p =
1√
rc
,
and rc is introduced in the metric (34). Moreover, the form of the action (33) was fixed
in [15] exactly for the same reason of getting the energy density vanishing. (Although the
motivation to have ǫequilibrium = 0 in [15] is absolutely different from ours).
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Moreover, as far as one can use the action (33) to describe the medium, i.e. in the ideal-
liquid approximation, the conservation of the energy-momentum tensor is granted, ∂µT
µν = 0
without introduction of entropy. In other words, entropy
s = 0 ,
is the same as for the superfluid component in the ideal-liquid approximation of Eqs. (13).
And the reason for the vanishing entropy is the same as in case (13). Indeed, the contribution
of the scalar field φ to the current Jµ and energy-momentum tensor Tµν can be borrowed from
the standard action of the scalar field and this is the reason, why the superfluid component
does not carry entropy if ∂µφ is treated (upon normalization) as its velocity.
As the next step, the correlator of the momentum densities can readily be evaluated using
(35) and treating the ∂τϕ as a classical field and ∂iϕ as an operator:
lim
ki→0
G0j,0iR (ki, k0 = 0) =
kikj
k2
√
rc (38)
Fitting this result to (31) allows to relate the parameter rc (which is arbitrary in the frame-
work of [15]) to our 3d vacuum expectation value v.
Finally, it is shown in [15] that the ratio of the viscosity to the entropy density is given
by the universal holographic value:
η/s = 1/4π .
In other words, the liquid we are considering has the lowest value of the ratio η/s possible.
To summarize, starting from the Euclidean time we were able to elaborate some field
theoretic properties of the medium associated with condensation of a 3d scalar complex
field in the Euclidean space. The naive continuation to the Minkowski space fails, however,
to preserve the form of the static correlator of components of the momentum density. On
the other hand, the basic properties of the Minkowskian exotic liquid [15] do reproduce the
field theoretic feature of the liquid we are looking for. The price is that the action (33) is
highly non-linear while the standard approach (see equations (13)) is based on the standard
version of the scalar-field action, quadratic in the fields. Since we treat the time derivatives
of the scalar fields as c-numbers anyhow, there is no reason actually to confine ourselves to
a renormalizable version of the effective field theory. Then we are free to use the non-linear
action (33).
4.5 Universality, the stretched membrane and possible relation to
phenomenology
The liquid living close to the horizon (rc ∼ rh) describes transport of energy and momentum
in the deep infrared region. Because the geometry close to any region is essentially Rindler,
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we expect that the exotic liquid (33), equivalent to Ricci flat solutions, describes the non-
perturbative deep infrared aspects of energy-momentum transport in a wide universality class
of physical systems which have a gravity dual. Its universal applicability also follows from
the membrane paradigm [33] where we have the Israel junction conditions on the stretched
membrane:
TAB =
1
8π
[
κAB
+
− κC
+C
gAB
]
(39)
where TAB is the Browne-York tensor and κAB
+
the extrinsic curvature on the exterior.
The stretched membrane is in the Rindler region and hence6:
g = κ00
+
= 4π
(
T 00 + T aa
)
(40)
where g is the surface gravity. If the gravity were Newtonian we would expect g = 4πT 00.
Close to the horizon, however, the Newtonian approximation breaks down and we have to
use the full relativistic result. Since T aa = 2p and p = g/8π, (40) gives T00 = 0. So, whereas
a Newtonian membrane carries a surface energy density to produce the surface gravity, for
an Einsteinian membrane, it is the surface pressure that produces the surface gravity [33].
Therefore on the stretched membrane, the liquid has zero energy density. More generally,
one has [33] on the stretched membrane:
T 00 = − 1
8π
θ (41)
where θ is the expansion of the null geodesics forming the horizon so that in general the
liquid has zero or negative energy density. θ = 0 corresponds with incompressible flow.
We can now speculate as to how this deep infrared liquid relates to phenomenology.
Some tantalizing hints come from the equation of state of the quark-gluon plasma as studied
through lattice simulations. One of the basic quantities to measure is the conformal anomaly,
or the trace of the energy-momentum tensor as a function of temperature:
θµµ = ǫ− 3p. (42)
In case of Yang-Mills, θµµ is given by the scale anomaly θ
µ
µ ∼ F 2. In Ref. [32], the
trace anomaly was measured separately for various defects for pure Yang-Mills. Remarkably
enough, it was found that the contribution of the stringy or magnetic component is large and
negative. The component described by the above liquid (33) could produce such an effect.
5 Conclusions
In this paper, we suggested that the common construction for a relativistic superfluid is in
fact not unique. Once one generalizes non-relativistic superfluidity to the relativistic case
6We take a Schwarzschild black hole.
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the field content of the theory is drastically changed. Namely, one introduces an extra U(1)
symmetry and an extra, charged scalar field. Condensation of the scalar field results in
a Goldstone particle. Within the now common approach one matches non-relativistic and
relativistic cases by adjusting the chemical potential to be (roughly) equal to the mass. We
argue that there exists another generalization, suitable in case of vanishing chemical potential
associated with the U(1) charge. The properties of the superfluid component are imitated
then by the exotic liquid introduced in Ref. [15], with vanishing density and dominating
pressure.
We argued that this liquid lives on the stretched membrane and describes energy-momentum
transport in the deep infrared. We also argued that effective U(1) symmetries are inherent
to the dual models for Yang-Mills fields in the Euclidean space-time and dwelled on phe-
nomenological manifestations of such symmetries and the exotic liquid.
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